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Chapter 1

Tensor 2k\S (Physical Quantity)

US½Ñ¹z!µkLzr?p: general covariance principle under general coordinate

transformation (C.T.)$k[¾a"US½Ñ¹o\z1D[²Âk7"k\YÁ0®µ

!µ5YzÊa)½ C.T. Âk$

¨Ì9"k\B3YSp(K)k²É´z])$uÌÉ!YQ"ÎuÌÉz«aÎO
zVg$2«Ö!5Y])z=Ð"·rQ"Îc2)D2«°c2«#2C°c2Cz

=Ü"0;Dc2[²7z=Ür("!y?·r¿P½lÓÝ"!YPs!µ3¹zÔ

f29J$AJK6a.cÎm"×^.MI³[²Âkµk²K6z=Ü"!£0bJ

(3¹zÔf?0.M»gpk\$?y"¼®rwßÄk\SYSh!µ¼®3¹k\

])z²©$½ÑÕ!ÍuÌÉz)»K)ÜSz5ÊUk\S"¼®Ñk\SzYSÓ
ÝG2$

S#!zd¹µ¿"R(¼®s!µK)[²¨z§a"1 xa, a = 0, 1, 2, . . . , n 0

Ï n + 1 Ý§ad!* x z[²$¼®PD.P¢zÔf73¹k\])"J ∂a ≡
∂
∂xa

2 dxa rw1!µ¾Pzk\S?i.e.!µK)u3¹ÔfzS@µ¼®~%"D

!µ general coordinate transformation x → x′ = x′(x) s.t. det ∂x′a

∂xb
6= 0?i.e.[²±Âk
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UD@s7"

dx′a =
∂x′a

∂xb
dxb, (1.1)

∂′a =
∂xb

∂x′a
∂b, (1.2)

´)¼®ÄÖ0Ø dxa ÂkzÉ¨ Aa(x) °1Ø ∂a ÂkzÉ¨ Ba(x) YSpk\S

"i.e. WPD[²³ x→ x′ = x′(x) Âk7

Aa(x)→ A′a(x′) =
∂x′a

∂xb
Ab(x), (1.3)

Ba(x)→ B′a(x
′) =

∂xb

∂x′a
Bb(x), (1.4)

J¼®» Aa(x) ° Ba(x) pk\S!ÆÌ¨©C».®p tensor$Aa(x) »p type T (1, 0)

z tensor °U contravariant vector"Ba(x) »p typeT (0, 1) z tensor °U covariant

vecotor$c(QÄà tensor +¼®0Ø

Ca1a2...am
b1...bn(x)→ C ′a1...am

b1...bn(x′) =
m∏
i=1

∂x′ai

∂xci

n∏
j=1

∂xdj

∂x′bj
Cc1...cm

d1...dn(x) (1.5)

ÂkzÉ¨ Ca1...am
b1...bn(x) »p typeT (m,n) z tensor °k\S"Æd®5Ïz?®

rÈz1Ø

φ(x)→ φ′(x′) = φ(x) (1.6)

ÂkzÉ¨"?pcC index ?cÂk"»p T (0, 0) z tensor"5Uu scalar$¼®

D×¹d´t3zÔ{«N"´1³Q© tensor ·h$?Ï/¼®ª«c¯ fermionic

aÙ"W¯ bosonic «N@ÓÊa electro-weak interaction dz photon Aa"interme-

diate vector bosons Ama ? m p Lie 0¨z index)"»s¬/cÔz Higgs «N φ"

L!°z gluon Ana °k1×z graviton gab$V+°)«:#¬Ê]a?Equations of

Motion, EOM@z Action";p scalar$
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G´H R3 ®z[²Âk xa = (x, y, z)→ x′a = (r, θ, ϕ)$

¼®Buz Cartesian coordinate xa ≡ (x, y, z) kh x′a ≡ (r, θ, ϕ) ÆÌ1!º

general coordinate transformation"?det ∂x′a

∂xb
6= 0@$

1x→ x′ s.t

x = x(r, θ, ϕ) = r sin θ cosϕ (1.7)

y = y(r, θ, ϕ) = r sin θ sinϕ (1.8)

z = z(r, θ, ϕ) = r cos θ, (1.9)

2«"

r = r(x, y, z) =
√
x2 + y2 + z2, (1.10)

θ = cos−1 z√
x2 + y2 + z2

, (1.11)

ϕ = tan−1 y

x
. (1.12)

Q®; φ(x) ≡ x2 + y2 + z2 ;p!µ scalar$(/ φ′(x′) = φ′(r, θ, ϕ) = r2 µ

φ(x) = φ′(x′)$
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Chapter 2

Metric Tensor gab

7à tensor d metric tensorgab(x) ∈ T (0, 2) 1!µ°µ¹ÜÚ¹zWÅ"i.e. ¼®K)

YS ds2 ≡ gabdx
adxb"°)ÞYD xa ÎO dxa zÚ¹mÊ$D R3 ® gab = δab"

´) ds2 = δabdx
adxb = d~x2$p(Ê,Ac"¼®B° gab µu lowering operator"i.e.

yYÖ! tensor Ab(x)"define

Aa ≡ gabA
b. (2.1)

GYSH Riemann spaceM . M is a general space with a non-singular (det gab(x) 6= 0,∀x ∈

M) metric tensor gab.

R(¼®Ä metric tensor ° matrix µI"i.e."

(g)ab ≡ gab, (2.2)

?p det g 6= 0"¼®K)YS (g−1)ab ≡ gab"Q

gabg
bc = δa

c, (2.3)

where ¼®YYS (1)ab ≡ δa
b"µ# δa

b 1!µB¨ª type T (1, 1) z tensor"(/

δ′a
b =

∂xc

∂x′a
∂x′b

∂xd
δc
d(x) = δa

b(x). (2.4)

5



´)³ (2.3) aK)Ú gab p type T (2, 0) g tensor"?y"¼®K)° gab µu

raising operator"i.e. yYÖ! tensor Bb(x)"define

Ba(x) ≡ gab(x)Bb(x). (2.5)

R( Aa ≡ gab(x)Ab(x)"J Aa = gabAb"!c¦Ò$

ØÕ gab DUS[²Âk7z¾¨"¼®¥co¯$D R3 dz}d[²V7 gab =

δab"ß¼®K)kh[[²"; x′a ≡ (r, θ, ϕ) [ i.e. (1.7)²(1.9) ] s.t.

ds2 = gabdx
adxb = g′abdx

′adx′b

= dx2 + dy2 + dz2 = dr2 + r2dθ2 + r2 sin2 θdϕ2 (2.6)

⇒ g′ab = diag(1, r2, r2 sin2 θ). (2.7)
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Chapter 3

!¾.¢ (Covariant Differentiation)

/µ¼®Q] ∂aAb ¥% tensor"(/

∂′aA
′
b(x
′) =

∂xc

∂x′a
∂c

[
∂xd

∂x′b
Ad(x)

]
=
∂xc

∂x′a
∂xd

∂x′b
∂cAd(x) +

∂2xd

∂x′a∂x′b
Ad(x). (3.1)

Ás Fab ≡ ∂aAb − ∂bAa Q-z±Ñ»·:®"J:z¦(u factor ∂2xd

∂x′a∂x′b
K)ÊPÚ

|$?yØ/ Fab 1!µPz tensor"ß ∂aAb Qc1$«±zÊa1Àv!µ covari-

ant .¢zzU.¢YS"i.e.

DaAb ≡ ∂aAb − Γab(Aa, gab), (3.2)

£ÈJ:µzu Γab ÂÚ| (3.1) adJ:zu"i.e.

D′aA
′
b =

∂xc

∂x′a
∂xd

∂x′b
DcAd. (3.3)

!µ½/zÑ¾p Γab = Γcab(gab)Ac(x) ),¼®)W¬Êa#\"Ædz Γcab J»g

p connection$Q-z connection"àÞD U1 gauge fieid ®z gauge connestion Aa?

;photon field@$

Ø(φ′(x) = eiθ(x)φ(x)p! U1 gauge Âk"/µ ∂aφ
′(x) = eiθ(x)∂aφ(x)+i∂aθe

iθ(x)φ(x)"

J^J:!uàÞ (3.1) az¢¼"p(± ∂aφ M¡"¼®ÀK gauge connection Aa(x)
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"µYS!¾.¢
∇aφ(x) ≡ ∂aφ(x) + iAaφ, (3.4)

µP% Aa D gauge Âk7"®7aÂk

A′a = Aa − ∂aθ, (3.5)

J

(∇aφ)′ = eiθ∇aφ. (3.6)

Dk1×zaR7"spin connection Γcab"WPYSh

Γcab ≡
1

2
gcd(∂agdb + ∂bgda − ∂dgab), (3.7)

J¼®K)´Ü (3.3) aK)hÁ$¨Ì9"¼®K)Õ;ÈC³:Õ9z´]«: (3.7)

a°az spin connection$

2\"¼®K)´Ü

Daφ = ∂aφ, (3.8)

DaA
b = ∂aA

b + ΓbacA
c, (3.9)

DaTbc = ∂aTbc − ΓdabTdc − ΓdacTbd, (3.10)

DaT
b
c = ∂aT

b
c + ΓbadT

d
c − ΓdacT

b
d, (3.11)

ee$Æd Tab ∈ T (0, 2), T bc ∈ T (1, 1)$ÆN tensor"®yà¢$

2«¼®K)´Ü

Dagbc = 0, (3.12)

Da(AbBc) = (DaAb)Bc + AbDaBc. (3.13)
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(3.13) aK%¼® Da p! derivation"al Leibniz rule"µ(3.12) ? imply Dag
bc = 0

"´) gab, g
ab D«p index «"K)½³Õ8.¢1y"i.e.

gcdDaAb = Da(g
cdAb), (3.14)

DaA
a = gabDaAb ≡ DaAa. (3.15)
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Chapter 4

Curvature Tensor

¼®K)YS curvature tensor Rd
abc by

[Da, Db]Ac ≡ Rd
cbaAd. (4.1)

IrÈzRÄ";KQ

Rd
cba = −∂aΓdbc − ΓecbΓ

d
ae − (a↔ b). (4.2)

"YS Ricci tensor Rab ≡ Rc
abc ° scalar curvature R ≡ Rabg

ab$

³ (4.1) K~ Rd
cba = −Rd

cab"RYS Rabcd ≡ gaeR
e
bcd"J¼®K)K!#´Ü

Rabcd = −Rbacd (4.3)

Rabcd = Rcdab (4.4)

Rabcd +Racdb +Radbc = 0 (4.5)

Æd (4.5) aK³ (4.2) a}uÉ´$2« (4.5) a5»US½Ñ¹dz Jacobi Identity$

ÆÎ?p((4.5) aK) (4.1) azYSÑIh

[Da, Db]Ac + [Db, Dc]Aa + [Dc, Da]Ab = 0 (4.6)
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2«?p Aa = Da d«"9aKÑIh

( [[Da, Db], Dc] + [[Db, Dc], Da] + [[Dc, Da], Db] )φ = 0 (4.7)

Æd¼®°Î [Da, Db]φ = 0 zea"?p [[A,B], C]+permutations p Jacobi Iden-

tity$´)9a½¬pU"V³ (4.3) aK~!s C4
2×C4

2 = 6×6 µ½³¹"µ (4.4) a

J¾~Æ³ C7
2 = 21 µ"V+"?pªs3ºcpUz Rabcd"0; Rtitj, Rtijk ° Rijke

"´) (4.5) a¨Ì9Ws!µ Rtijk z constraint,Q1?p Rtitj+permutations ½¬

pU"µ# Rijke Ws C4
2 = 6 µ components K)rÈC´Ü.®àa½¬pU"

e.g.R1212+R1122+R1221 = 0 ¨Ì9 (4.5) a?K)Ñh Rabcd+Rcbda+Rdbac = 0 ´)W¡

z constraint p P n
4 = n(n−1)(n−2)(n−3)

4!
" ;Ö2 indices k²(´R:Raabc+Rabca+Racab = 0)

JK³ÆfÑ»QÆpU

?y"K)6Y Rabcd D^Ý«ªs 20 µ independent compoments.Rabcd W¡z½

³¹p C
Cn2 +1
2 − Cn

4 = 1
12
n2(n2 − 1) µ. V+"Rab = Rba D d = 4 «"!s 10 µ

independent components$¾m«"Einstein,,SÜ gab?!s 10 µ¾¨@g EOM"K

ÂK)³ Rab = 0 QÎ$¨Ì9"sµ1 Gab = 0$Æd Gab ≡ 1
2
gabR−Rab p Riemann

tensor"³ Gab = 0 K)ÁÊQÎ(WP d 6= 2"J Rab = 0$Æ´ÜR7

Gab =
1

2
gabR−Rab = 0

gabGab =
1

2
gabgabR−R = 0

n

2
R−R = 0 if n 6= 2 , R=0

¨Ì9¼®PÃ*«aµv²RÕ³ action

S ≡ −
∫
d4x
√
gR (4.8)

QÎ×Ê]a Gab = 0$DygG"¼®ßv²!*mBBczs°.
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Note that DaD
aφ pUq§az Laplace equation$D gab = δab g R3 [²d"

DaD
aφ = ∇2φ = (∂2

x + ∂2
y + ∂2

z )φ. (4.9)

ßkÎ[[² x′a ≡ (r, θ, ϕ) 9«

DaD
aφ = gabDa∂bφ = gab(∂a∂bφ− Γcab∂cφ)

= ∂a∂aφ− Γa∂aφ, (4.10)

Æd Γa ≡ Γabcg
bc"?p gab = diag(1, 1

r2 ,
1

r2 sin2 θ
)$´)"(x.¢up

∂2
rφ+

1

r2
∂2
θφ+

1

r2 sin2 θ
∂2
ϕφ. (4.11)

µ!x.¢u"¿ß~% Γa g°a"that’s easy*?p

Γa = Γabcg
bc =

1

2
gad(∂bgdc + ∂cgdb − ∂dgbc)gbc

= gad∂cgdc −
1

2
gbc∂agbc

= gaa∂agaa −
1

2
g−1∂ag

= (gaa)2∂agaa − gaa∂a ln
√
g, (4.12)

where ¦!u? gab ° gab p diagonal matrix"( d = a ° c = d «")cpU$V

g ≡ det gab = r4 sin2 θ"(
√
g = r2 sin2 θ"

Γr = (grr)2∂rgrr −
2

r
=
−2

r
, (4.13)

Γθ =
−1

r2

2 sin θ cos θ

sin2 θ
=
−2

r2
cot θ, (4.14)

Γϕ = 0, (4.15)

!x.¢up

−Γa∂aφ =
2

r
∂rφ+

1

r2
cot θ∂θφ, (4.16)
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´)

DaD
aφ =

1

r
∂2
r (rφ) +

1

r2 sin θ
∂θ(sin θ∂θφ) +

1

r2 sin2 θ
∂2
ϕφ. (4.17)

y+"¼®^s! Bianchi Identy

DaRbcde +DbRcade +DcRabde = 0 (4.18)

Æd abc cQk²$³yKQ

DaG
ab = 0 (4.19)

Æd (4.18) aK³

Da[[Db, Dc]Ae]−DaAdRdebc + permutations = 0 (4.20)

µQ$(??) aKÑIh

[Da, [Da, Dc]]Ae + [Db, Dc]DaAe −DaAdR
d
ecb + permutations = 0 (4.21)

¦!up Jacobi Identity ½¬pU,¦2uK3°

[Db, Dc]Tae = Rd
acbTde +Rd

ecbTad (4.22)

/¦3u:¸h

Rd
acbDdAe + permuteations = 0 (4.23)

y; (4.5) a$?y (4.18) a¥|p¼®CKÖÕUz constraint,¿ÞA©"ÆÌ

constraint (4.18) a1hÌD Ricci curcatare z·:"; Riemann tensor 9"µ#¼

®zV°{µ0s general coordinate symmetry ¡PHV DaG
ab = 0 =D gab 9z

constraint$
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Chapter 5

S±×

V!ÕªQB0g¨";¼®~% Fab ≡ DaAb −DbAa = ∂aAb − ∂bAa ½¬al tensor

gP%"µÆ field equation DaF
ab = J b Dk[²«"BQ¯X³$

) Ja = 0 p´"DaF
ab = 0 ;¨h DaD

aAb − DaD
bAa = 0$?pD Minkowski

space ® Rabcd = 0"´) DaD
bAa = DbDaA

a$Ü Lorentz gauge DaA
a = 0 J field

equation ,hp

DaD
aAb = 0. (5.1)

D!ÍaR7 Ab ≡ (ϕ,
−→
A ) g field equation p

DaD
aφ = 0 (5.2)

DaD
a−→A = 0 (5.3)

ß φ ¥% scalar"
−→
A ¥% 3-vector"(9(a¥.0S"µ#!ß[²k("φ"

−→
A ^

?yµl¬"y+ (5.1) ad"φ
−→
A ^ÛD!A"´oD static °

gab =

(
−1 0
0 gij

)
(5.4)

aR7"Γtab = Γatb = 0"¼®K)´Ü (5.1) ad b = 0 g field equation"ÊP¨h

Di∂
iφ = 0 (5.5)
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where Di∂
i 1D gij g 3-dim §a9JÄz$2«"¼®B0ÎD!Í R3 §aaÙ

z[²Âk"R( t→ t′ = t J

A′0(x′) = A0(x) (5.6)

A′i(x
′) =

∂xj

∂x′i
Aj(x) (5.7)

0; A0 D R3 Âk7"s!µ R3 z scalar"µ2« Ai D R3 Âk7"?s!µ

3-vector ° T (0, 1) tensor$?y"¼®K)}u¦° (5.5) a"crÃÁ (5.5) a.M

Ï] (5.1) az´s¬Ê"?p A0 / Ai D R3 Âk7"¥.ÈÛg]$
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Chapter 6

Least Action Principle

yYÖ! scalar action"ÓÊa

S(φ) ≡
∫
dtL(φ) (6.1)

with L(φ) ≡ 1
2
φ̇2 − V (φ)"¼®K)#° variational principle Ü S(φ) D φ → φ′ =

φ0 + δφ variation 7zeª$¼¼ Least action principle" classical path ^½¬N/!

Ú± S(φ) QeRªzÖ^$Q©5Ê!ÍL(1©c^s¶µzo\"Dyd.$r

eg"¼®0r?"!y¼®Ñ Lagrangian (density) L u¾¢«"´s integration by

part z surface term"!ÁpU$QÆd involved z%\"%2RK"ß?Q"µU"

Dy?d.$Bg"¼®KQ

δS(φ) =
∫
dt(−φ̈− ∂V

∂φ
)δφ = 0, (6.2)

?y" Least action principle P% integrand pU"0;¼®³9aQÎ φ z#¬Ê

]a??01 Euler-Lagrange equationa@p

φ̈+
∂V

∂φ
= 0, (6.3)

R( φ = x";!ÍLÇ1©z«N[²ÎO$DalUS½Ñc¾¬zV°®"¼®
0P% S {m1!µ scalar$É³´sSN×¹h>z´N"R QED"Unified theory
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"QCD e"´1Ry$?y"scalar φ z action S(φ) rw¹¡p

S(φ) ≡
∫
d4x
√
gL(φ) (6.4)

with L(φ) ≡ −1
2
∂aφ∂

aφ− V (φ)$Dy"¼®1«§ metric z sign p (−,+,+,+)"!

R (5.4) ad´°z"Æd x0 = t$?p d4x
√
g )1 invariant measure"´)rw0

ËPÜ¹ dV »Îh d4x
√
g!Q1³Õ

g′ab =
∂xc

∂x′a
∂xd

∂x′b
gcd (6.5)

det g′ab =

(
det

∂x

∂x′

)2

det gab

√
g′ =

∣∣∣∣∣ ∂x∂x′
∣∣∣∣∣ √g′where g ≡ − det gab

d4x′ =

∣∣∣∣∣∂x′∂x

∣∣∣∣∣ d4x (6.6)

zV($

2-z"¼®K)t2C3° variational principle QÎ

δS(φ) =
∫
d4x
√
g[Da∂aφ−

δV

δφ
]δφ

+
∫
d4x
√
g[

1

2
∂aφ∂bφ− 1

2
gabV ]δgab, (6.7)

R(c¿ gab z¾¨"J φ z EOM ¾h

Da∂aφ−
δV

δφ
= 0. (6.8)

gabzaÙ"¼®^ÁÊv²"Dyd.$

u7µ¼®0v²S±×z action S(Aa) p

S = −
∫
d4x
√
g
[
1

4
FabFcdg

acgbd + JaAa

]
(6.9)
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Æd Jap+=S["D¼®´~z QED ® Ja = ψ̄γaψ pfermionic particle ´@Oz

S["LCK)³´ QED z³"DyªÏh2 Aa ."z+=S["´)¥cX6Ñ
Aa ¾¢´sQzÊ]a(

δS =
∫
d4x
√
g[DaF

ab − J b]δAb

+
∫
d4x
√
g[

1

2
F a

cF
bc − 1

8
gabFcdF

cd]δgab

+
∫
d4x
√
gf(Ja, gab, Aa), (6.10)

®Ã!u"?p fermionic particle D curved spacetime ®qÓÝ¨Ú"Dyd.$´)

δAb QÎ Aa g EOM p

DaF
ab = J b, (6.11)

Q01¼®´Ö~z Maxwell Ê]a$ªQB0z1"ÜN Aa ¿Þs^µ degree of

freedom"¨Ì9"9aDJ| U1 9F¾kzJN½³¹Ã"WNFÄµ½³¹$LÇ
z¢«"K³¿ J.D.Jackson,Classical Electrodynamics$SN×¹z¢«"K³¿ÖÕ×

¹²{$¨Ì9 Weinberg Y´Ü´s massless gauge field cW¿FÄµ½³¹";¼

®´~z helicity$Q1 massless particle / massive particle %Bc!-zCÊ$¼®

K)Ä U1 zS±×¢UÎÖÕ gauge group z Yang-Mills ×")9Êa"µ°cX$

/µ"¼®DyÏ/1Pv²k1N graviton z#¬Ê]$¼¼ Einstein zSÜ"

k1×z#¬Ê]asp Rab = 0"?0; Gab = 0 @$QÆÌ1W§®z×Ê]a$

½2z"¼®K)Q])7 action

S(gab) ≡ −
∫
d4x
√
gR (6.12)

K)I³Ñ gab ¾¢QÎ

δS = −
∫
d4x
√
g[Rab − 1

2
gabR]δgab −

∫
d4x
√
ggabδRab (6.13)
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?p δRab = −DcδΓ
c
ab + DbδΓa with Γa ≡ Γcabg

b
c$²B0 Γcab {mc1 tensor"´)

δΓcab ?c!Y1 tensor"¼®I DcδΓ
c
ab eW1Üi"ÆÌ DbδΓa = ∂bδΓa − ΓcabδΓc

$QÔuzÎ?1"
∫
d4x
√
g(δRab)gab KÁ;I³ integration by part ¾h surface term

µJg$

¼®D9q!}°Îz}a"³R

∂a(
√
gAa) =

√
g(DaA

a) (6.14)

∂a(
√
gF ab) =

√
gDaF

ab, (6.15)

´prØzea$Æd (6.15) arwP% F ab p±Ñ»"; Fab = −Fba$²B09

Äad"WP DaA
a°DaF

ab z!¾.¢rEUD;hÁ"¥c!YP% Aa ep!µ

tensor$

´)"¼®QÎ gab z EOM p

Rab − 1

2
gabR = T ab (6.16)

Æd T ab p energy momentum tensor"DW§dpU$R(cDW§d"ÓÊas scalar

φ ° vector Aa UD"J action ¾h

S = −
∫
d4x
√
g[R +

1

4
FabF

ab +
1

2
∂aφ∂

aφ+ V (φ)], (6.17)

J gab z EOM ,^± T ab ¾h?r? Ja = 0 @

T ab =
1

2
F a

cF
bc +

1

2
∂aφ∂bφ− 1

2
gab(

1

2
∂cφ∂

cφ+
1

4
FcdF

cd + V (φ)), (6.18)

¡d Ja uzÎ?»1!-(fermion zk1 coupling ½Ï¨Ú"ª«cÏ$
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Chapter 7

Schwarzschild Space

s(#¬Ê]agÃ,¼®,K)Dc2zV°®%³$%Qz³,K)pÏ¼®(³V\

ak1z¾¨$®rÈ"s°?®Uz,1 spherically symmetric Schwarzschild spaces

°al isotropic ° homogeneous ¬Êz Friedmann-Robertson-Walker spaces$G®K

}uÜQLÇzem"°)/Ý[k1\¹½ÓÝ"¥K°gÜz¤_³$Ã®J°µ[

\ÅµV\z#¬°V¾$¥K[\m£V\ inflation °±¯#h°z.]"?y¼®

0)y(®p´"B+v²$

¼®K)S:Õ9"P%§ap stationary ° spherically symmetric"¼®,K)0

gab z¾¨³ 10 µ"¨Ðh 3 µ"0;(gab K³7aj:(

ds2 ≡ gabdx
adxb ≡ −e2A(t,r)dt2 + e2B(t,r)dr2 + 2e2D(t,r)dtdr + r2dΩ (7.1)

Æd A, B ° D ap t, r zÉ¨"µ dΩ ≡ dθ2 + sin2 θdφ2 p solid angle$

³ Appendix K~µV°z#¬Ê]a"WP1DW§d(; Rab = 0) JKQ"´¹z

Birkhoff Y\(

e2D = 0 (7.2)

A = A(r) (7.3)

B = B(r) (7.4)
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³y"Qµ§az metric ;h

ds2 = e−2A(r)dt2 + e2B(r)dr2 + r2dΩ (7.5)

?y"WP§ad´VzkÊ")[Ñ»°a¢(#pdÕ;!µ±Îz"JÆ+az

ÆN§a",K³ (7.5) az Schwarzchild metric µ[\$Birkhoff Y\?L·VkÊ

aÙz#¬()¾¨)WPtal[Ñ»"J¼®,.M³+qÜ~$

P~%";±kÊ{m¢(%p[Ñ»"WP<Ù¾w"JÆ%[Ñ»a¢"!R¼®

ÑSÞ¢(zRÄ"ÑwÊz¦s¾R",K).<#\g$

V!ºs°Jp#\ 1-particle system$¼®K)ÄV°[²Óh«N{mm9";

´¹z co-moving frame JK½/CQÎ time-independent z[²V°$"=9!µ 1-

particle state {m;¸s Poincare symmetry"½/KQ spherically symmetric space z

P%$
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Chapter 8

Levi-Civita Tensor

Levi-Civita tensor is an almost-constant type T(n, 0) tensor defined on any n-D Riemannian

spaces Mn. It is totally skewsymmetric w.r.t all its indices. In what follows, we will

introduce it in Rn under Cartesian coordinates. Definition on a general Riemannian space

Mn will be introduced later on.

We will start by defining it on R3 and follow up with a general definition on n-D.

Definition 8.1 εijk is totally skew-symmetric with ε123 = 1. Here i, j, k = 1, 2, 3.

Definition 8.2 εa1a2...an is totally skew-symmetric with ε123...n = 1.

There are a number of problems one can work out rather straightforwardly. These show

the most intrinsic pictures and applications hidden under the useful Levi-Civita tensor.

Problem 8.1 εij ≡ [ ε ]ij ⇒ ε =

(
0 1
−1 0

)
.

Problem 8.2 εijkεabc = (ijk) + (jki) + (kij)− (i↔ j). Here (ijk) ≡ δaiδbjδck.

Problem 8.3 εijkεabk = δaiδbj − δbiδaj.
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Problem 8.4 εijkεajk = 2δai.

Problem 8.5 εijkεijk = 6.

There are also other applications of Levi-Civita tensor that are very useful in computing

the determinant of a square matrix and in the derivation of vector cross product. We will

present their definitions along with some useful formulae.

Definition 8.3 detAn×n ≡ εa1a2...anA1a1A2a2 ...Anan .

Definition 8.4 Ai ∈ R3 ⇒ (A×B)i ≡ εijkAjBk.

Problem 8.6 εb1b2...bn detA = εa1...anAb1a1Ab2a2 ...Abnan .

Problem 8.7 detA = 1
n!
εa1...anεb1...bnAa1b1

Aa2b2 ...Aanbn .

Problem 8.8 detAt = detA.

Moreover, εijk turns out to be the structure constant of the SU2 and SO3 groups. To be

familiar with algebraic structure of flat 3-D Levi-Civita tensor is hence very important in

studying quantum spin operator as well as spatial angular momentum operator one has to

encounter in Q.M. Also, from the definition of Pauli matrices, one is able to link R3 with

the algebra su2. Indeed, we will present the definition of Pauli matrices along with various

applications as problem sets.

Definition 8.5 Pauli matrices: σi ≡
[ (

0 1
1 0

)
,

(
0 −i
i 0

)
,

(
1 0
0 −1

) ]
s.t. xiσi =(

z x−
x+ z

)
with x± ≡ x± iy.
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There are some useful formulae one should know about, e.g.:

σiσj = δij + iεijkσk, (8.1)

ei n̂
aσaθ(x) = cos θ + in̂aσa sin θ, (8.2)[
σi, σj

]
= 2iεijkσk, (8.3)[

T i, T j
]

= iεijkT k (8.4)

with T i ≡ σi

2
.

Now we are ready to introduce it in any n-D Riemannian spaces. The flat space constant

Levi-Civita tensor will then denoted as ea1a2...an s.t.

εa1a2...an =
1
√
g
ea1a2...an . (8.5)

One should remark here that ea1a2...an is a constant function which shall not transform

with coordinate transformation. It is straightforward to show that (8.5) guarantee that

the Levi-Civita totally skew-symmetric funtion is indeed a type T(n, 0) tensor. One can

further show that there exists another type T(0, n) tensor εa1a2...an obtained by lowering all

upper indices of εa1a2...an .

One can further show that

εa1a2...an =
√
gea1a2...an . (8.6)

Note that there is a sign omitted in defintion of (8.6). In our pseudo-Riemannian spaces,

g ≡ − det gab, one should put a − sign in front of the L.H.S. of equation (8.6). Indeed, one

can easily show that the form given in equation (8.6) is correct as a tensor. Note that the

formulae listed in problem sets (8.2) to (8.5) can be generalized to n-D with appropriate

sign added accordoing to the relevant signature of the manifold under discussion. For
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example, one should have

εa1a2...anεa1a2...an = ±n!. (8.7)
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