2012 IEEE 23rd International Symposium on Personal, Indoor and Mobile Radio Communications - (PIMRC)

STATISTICAL DESIGNS FOR TRANSMISSION OVER CORRELATED MIMO CHANNELS
WITH LINEAR RECEIVERS
Yuan-Pei Lin, Chunwei Hsiao, and Chien-Chang Li
Dept. Electrical Engr., National Chiao Tung Univ., Hsinchu, Taiwan
ABSTRACT
In this paper we jointly consider statistical precoding
and statistical bit allocation for transmission over correlated
MIMO (multiple-input and multiple-output) channels with
a linear and zero forcing receiver. Assuming the statistics
of the channel is available to the transmitter, we will derive
BER bounds using the statistics of subchannel error variances. The bounds are then used to design statistical precoder and statistical bit allocation. The combination of statistical precoding and bit allocation has great advantage over
statistical precoding alone or statistical bit allocation alone.
This is because the proposed precoding helps to bring out
the statistical difference among the subchannels, which is
then exploited by statistical bit allocation to better the performance. Simulations will be given to demonstrate that,
the proposed system has signiﬁcant gain over statistical designs that employs statistical precoding only or statistical bit
allocation only.
1.

INTRODUCTION

MIMO systems with limited feedback have received great
interest recently. The system performance in terms of transmission rate or error rate can be improved signiﬁcantly with
limited amount of feedback from the receiver through a reverse channel. In particular precoded spatial multiplexing
systems with ﬁnite-rate feedback have been investigated extensively. The receiver chooses the optimal precoder from a
codebook and sends the index back to the transmitter. Optimal codebook designs of unitary precoders using Grassmannian subspace packing for different criteria are developed in [1]. The optimal unitary precoder for minimizing
BER (bit error rate) using inﬁnite feedback rate is given in
[2] and generalized Lloyd algorithm is used for constructing codebooks. If, in addition to quantized precoder, power
allocation and/or bit allocation is also available to the transmitter, the performance can be further improved [3]-[4].
Optimal designs of MIMO transceivers with bit loading have
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been developed in [5]. The use of identity precoder combined with feedback of only bit allocation is suggested therein
as it intuitively requires less feedback. The feedback of only
bit allocation for a ﬁxed statistical precoder has been considered [6] for a correlated MIMO channel. In these works,
instantaneous feedback is assumed to be available.
When only the channel statistics are available to the transmitter but not the current state of the channel, statistical
precoder or statistical bit allocation has been proposed in
the literature. The update of channel statistics requires only
infrequent feedback and these statistical designs are very
useful when there is no instantaneous feedback. For example, statistical precoders for linear receivers are considered
in [7, 8, 9]. The precoder is designed to minimize an error rate bound in [7] and optimization of the precoder for
minimum pairwise error probability is proposed in [9]. The
optimal precoder that minimizes the sum of mean squared
error for a receiver with decision feedback is given in [10].
In these works [7]-[10], a uniform bit allocation is assumed.
Optimization of precoders for a ﬁxed bit allocation has been
developed in [11]. Statistical bit allocation is designed in
[12] for uncorrelated channels based on capacity modeling.
Statistical bit allocation for correlated channels is derived in
[13] by combining antenna selection and bit loading. Statistical rate and power allocation are considered in [14] for
the case the receiver has decision feedback, and asymptotic
performance is analyzed. Statistical bit allocation and precoding have been considered in [15] for a decision feedback
receiver.
In this paper we jointly consider statistical designs of
precoding and bit allocation for transmission over correlated
MIMO channels with a linear and zero-forcing receiver. Assuming the transmitter knows the statistics of the channel,
we derive the precoding matrix and bit allocation to minimize BER bounds. We will see that with precoding, the
channel is decorrelated and the disparity among the subchannels is made more pronounced. The resulting statistical difference of subchannels is then exploited using bit
allocation. While systems with only precoding tend to allocate more power to subchannels with low SNR, systems
with only bit allocation are not adequate to fully exploit the
statistics, especially for more correlated channels. With the
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proposed combination of statistical precoding and bit allocation very good performance can be obtained compared to
that with statistical precoding alone or with statistical bit
allocation alone, as will be demonstrated in simulation examples.
The sections are organized as follows. In Sec. 2, we
give the MIMO system model of the proposed system. In
Sec. 3., statistical precoder and bit allocation are derived.
Simulation results are given in Sec. 4 and a conclusion is
given in Sec. 5. Notation. Boldfaced lower case letters represent vectors and boldfaced upper case letters are reserved
for matrices. The notation A† denotes transpose-conjugate
of A. The function E[y] denotes the expected value of a
random variable y.
2.

SYSTEM MODEL OF THE
STATISTICAL SYSTEM

Consider the MIMO system with Mt transmit antennas and
Mr receive antennas in Figure 1. The channel is modeled
by an Mr × Mt memoryless matrix H with Mr × 1 additive white Gaussian channel noise q that has zero mean and
variance N0 . The channel considered in this paper is of the
form
1/2
(1)
H = Hw R t ,
where Hw is an Mr × Mt matrix whose elements are independent Gaussian random variables with unit variance and
Rt , of dimensions Mt × Mt , is the transmit correlation matrix. This model is useful for downlink transmission when
the receive antennas are well separated. The precoder F
is an Mt × M matrix, where M ≤ min(Mt , Mr ) is the
number of subchannels. The M × 1 input vector s consists
of uncorrelated modulation symbols, s0 , s1 , · · · , sM −1 , of
zero mean and unit variance. The total transmission power
E[x† x] is Pt , where x is the transmitter output as indicated
in Figure 1. The actual number of symbols transmitted can
be smaller than M if one or more subchannels are loaded
with zero bits. The receiver is linear and zero forcing. The
M × Mr receive matrix G is given by (F† H† HF)−1 F† H†
[16]. Deﬁne the error vector at the output of the receiver as
e=
s − s. It has autocorrelation matrix Re = E[ee† ] given
by [16]
(2)
Re = N0 (F† H† HF)−1 .
The k-th subchannel error is σe2k = [Re ]kk and the error variance averaged over the random channel is σ 2ek =
E[σe2k ].
M −1
It has been shown that k=0 σ 2ek can be bounded using
the eigen values of Rt [6]. Let the eigen decomposition of
Rt be Ut Λt U†t , where Λt is a diagonal matrix with diagonal elements λt,i ordered by λt,0 ≥ λt,1 ≥ · · · λt,Mt −1 .
M −1
Assume λt,M −1 > 0 and Mr > M , then k=0 σ 2ek is







































Figure 1: A MIMO system with Mt transmit antennas and
Mr receive antennas.

bounded by
M
−1


σ 2ek ≥

k=0

M
−1

k=0

N0
(Mr − M )−1 λ−1
t,k .
Pt /M

(3)

The above
 inequality becomes an equality when we choose
F = Pt /M Ut,M , where Ut,M is the submatrix of Ut
that consists of the ﬁrst M columns of Ut .
3. STATISTICAL BIT ALLOCATION AND
STATISTICAL PRECODER
In this section, we will consider statistical designs of bit
allocation and precoder. Assuming the inputs sk are bk -bit
QAM symbols,the number of bits transmitted per channel
M −1
use Rb is thus k=0 bk . The kth symbol error rate (SER)
is well approximated by [17]:

3
,
(4)
SERk = 4(1 − 2−bk /2 )Q
(2bk − 1)σe2k
√
2
∞
where Q(y) = 1/ 2π y e−t /2 dt, y ≥ 0. Assume the
transmission rate is high and bk is large enough so that 1 −
2−bk /2 ≈ 1 and 2bk − 1 ≈ 2bk , then
SERk ≈ 4Q

3 · 2−bk σe−2
,
k

(5)

When Gray code is used, the kth subchannel BER can be
approximated by BERk ≈ SERk /bk . Then the instantaneous
BER averaged over the M subchannels BER =
M −1
1
bk BERk can be approximated by
k=0
Rb
BER ≈

M −1
1 
4Q
Rb
k=0

3 · 2−bk σe−2
.
k

(6)


It is shown in [16] that Q( 3/y) is a convex function of y
for y ≤ 1 and a concave function of y for y > 1.
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(7)


Note that when the precoder F = Pt /M Ut,M , the
channel is decorrelated as the equivalent channel seen by
the input of the transmitter is
 
1/2 IM
.
(12)
HF = Hw Ut Λt
0

where σ 2ek = E[σe2k ] is the kth error variance averaged over
the channel H. Then the BER in (6) averaged over the channel, can be bounded as E[BER]  φ, where

As Ut is unitary, HF is statistically the same as [19]
 
1/2 IM
.
(13)
Hw Λt
0

Consider ﬁrst the case that the SNR is low so that 2bk σe2k >

1 and the concavity of Q( 3/y) holds. Using Jensen’s inequality for concave functions, we have
Q

3 · 2−bk σe−2
k

3 · 2−bk σ −2
,
ek

Q

M −1
4 
Q
φ=
Rb



k=0

As Q(

3
2bk σ 2ek

.

(8)


3/y) is concave, we have
4M
φ≤
Q
Rb


1
M

3
M −1
k=0

2bk σ 2ek

.

(9)

M −1
Using k=0 bk = Rb and the arithmetic mean-geometric
mean inequality, the right hand side of (9) has the following
M −1 −2/M
3 · 2−Rb /M k=0 σ ek
lower bound φ1 = 4M
Rb Q
The lower bound is achieved if and only if 2bk σ 2ek are of the
same value for all k. This requires
bk =

M −1
1 
log2 (σ 2e ) − log2 (σ 2ek ) + Rb /M.
M

(10)

=0

In this case, the inequality in (9) also becomes an equality
and thus φ ≈ φ1 , a quantity that is independent of bit allocation. Using the inequality in (3), we have φ ≥ φ2 , where
⎞
⎛

M
−1

Rb
4M ⎝
P
t
1/M
φ2 =
Q 3 · 2− M (Mr − M )
λt,k ⎠ ,
Rb
M N0

Effectively, the transmitter inputs are ﬁrst scaled and then
passed to the uncorrelated channel Hw . In this case the
kth subchannel error variance averaged over the channel is
given by
N0
λ−1 ,
σ 2ek =
(14)
(Mr − M )Pt /M t,k
which is inversely proportional to the eigen value λt,k . For
subchannels with larger λt,k the corresponding subchannel
error variances are statistically smaller. The statistical difference among the subchannels can then be exploited using
bit allocation to have a lower error rate. The bit allocation
formula in (10) in general yields real numbers. For high
SNR, we can obtain the optimal integer bit allocation using
the greedy algorithm in [20] because for high SNR φ is a
convex function of bk for a given precoder. So the greedy
algorithm can be applied to ﬁnd the optimal integer bit allocation. The bit allocation thus computed depends on the
SNR Pt /N0 . However simulations show that the bit allocation is insensitive to SNR. We get the same optimal integer
bit allocation for moderate to high SNR. Note that the BER
bound in (11) depends on M . We can evaluate the bound
for each M between 0 and Mt and choose the one that has
the smallest BER bound.
4.

k=0

(11)

and the equality holds when F = Pt /M Ut,M and bits allocated as in (10). The above precoder has also been shown
to be optimal for different transmission systems in the literature, eg., [9, 15, 18].
Now consider the case SNR is large so that 2bk σe2k < 1

and the convexity of Q( 3/y) holds. We can apply Jensen’s
inequality for convex functions, then the inequality in (7)
is reversed and φ in (8) becomes a lower bound of BER.
Therefore φ is an upper bound of BER in low SNR region
and a lower bound in high SNR region. For low SNR we
would like to have φ minimized. For high SNR we would
also like to have φ minimized because the BER can not be
small if φ is large. Using an approach similar to that in the
low SNR case, it can be veriﬁed that φ is minimized for the
same choices of bit allocation and precoder.

SIMULATION EXAMPLE

The exponential correlation model in [21] is used to generate the random channel, in which the Hermitian matrix
Rt is given by [Rt ]mn = γ n−m , for 0 ≤ m ≤ n < Mt ,
where γ is the correlation coefﬁcient between neighboring
antennas. In the following Monte Carlo simulations, 106
channel realizations are used. The statistical bit allocation
for the proposed system is computed using the greedy algorithm for high SNR Pt /N0 .
Example 1. In this example, Mr = 6, Mt = 4, Rb = 8,
and ρ = 0.7. We plot the BER performance of the proposed
system with statistical precoding and statistical bit allocation for different number of subchannels M in Figure 2. We
have also shown the statistical bound φ2 computed in (11)
for different M . The curve of φ2 for M = 2 falls below
those for M = 3, M = 4 and M = 1. We can see that
the BER for M = 2 is the smallest, followed by the cases
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widens as the correlation increases. The difference between
‘P-BA’ and ‘PLLJ ’ can be viewed as the gain of bit allocation as the precoders in both systems come from the eigen
vectors of Rt . Also the gap between ‘P-BA’ and ‘BA’ represents the gain of precoding as bit allocation in these two
systems are computed in the same way. For comparison,
we have also plotted the statistical precoding system with a
decision feedback receiver, ‘PLZW ’ [10]. In [10] the design
of the precoder involves more sophisticated optimization
and the implementation of the receiver is more complex due
to decision feedback. We observe that the proposed system
has BER comparable to that of ‘PLZW ’ although ‘P-BA’ has
a lower design and implementation cost.
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Figure 2: BER simulations for different number of subchannels M .
of M = 3, M = 4 and M = 1, in the same order as the
curves of φ2 . Although minimizing φ2 does not guarantee
that the BER is also minimized, the statistical bound φ2 is
a good reference for determining the number of substreams
to be transmitted. We will use φ2 to determine M for the
proposed system in the following example.
Example 2. In this example, Mr = 5, Mt = 4, and
Rb = 12. The BER of the proposed statistical Precoding
and Bit allocation system (P-BA) is shown in Figure 3 for
correlated channels with γ = 0, 0.3, and 0.7. The statistical integer bit allocation for these 3 cases are, respectively,
(4, 4, 4, 0), (5, 4, 3, 0), and (7, 5, 0, 0). For a more correlated channel, there is more disparity among the subchannel
error variances. The resulting bit allocation is more skewed
and bit allocation is particularly useful.
Also shown in the ﬁgure is the system ‘BA’, which uses
statistical bit allocation but no precoding (identity precoder).
The bit allocation is computed in the same way as the proposed system. In addition we have shown in the ﬁgure two
statistical precoding systems with linear and zero forcing
receivers,‘PKS ’ [7] and ‘PLLJ ’ [9]. In [7] the precoder is
designed to minimize a BER bound while in [9] the objective is the pairwise symbol error probability and the optimal
precoder is Ut . Compared to these statistical designs with
linear receivers, the proposed system requires a signiﬁcantly
smaller power for the same BER, especially when the correlation among the transmit antennas is high. For example,
for BER = 10−4 , the gain of the proposed system over the
two precoding systems is around 4 dB when ρ = 0 and
the gain increases to 8.5 dB in the higher correlation case
ρ = 0.7. The bit-allocation-only system ‘BA’ has the same
performance as the ’P-BA’ system when ρ = 0, but the gap

In this paper, we proposed the combination of statistical precoding and statistical bit allocation for correlated MIMO
channels with a linear and zero forcing receiver. We have
derived statistical precoder and bit allocation for minimizing BER bounds when the receiver is linear and zero forcing. The statistical precoder decorrelates the channel and
in the process brings out the statistical disparity among the
subchannels. The disparity is then exploited using bit allocation. Simulations showed that a good performance can be
achieved using the proposed statistical precoding and statistical bit allocation compared to systems that employ only
statistical precoding or only statistical bit allocation.
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Figure 3: BER comparisons for different correlation coefﬁcients, (a) γ = 0, (b) γ = 0.3, and (b) γ = 0.7.
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