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Abstract—In this paper we consider statistical beamforming
for millimeter wave (mmWave) channels. For a commonly used
geometry channel model of uniform planar array (UPA), we show
that the average channel Gram matrix can be approximated in
a closed form, which allows the statistical beamformer to be
computed directly. The sparse nature of the mmWave channel
lends itself to statistical beamforming as the optimal beamformer
that uses full channel information is typically steered in some
spatial frequency determined by the statistics. Simulations are
given to show that the performance of the proposed statistical
beamformer that needs no instantaneous feedback is comparable
to a limited feedback system with 1/8 feedback bits per antenna.

I. I NTRODUCTION
The performance of a MIMO system is known to improve
with the number of antennas on the two transmission ends.
Recent advances show that it is feasible to pack a large number
of antennas in a small area, particularly in millimeter wave
communication systems that use small wavelengths [1]. For
frequency division duplex systems, the transmitter relies on the
receiver to feedback the channel information. As the size of the
channel increases with the number of antennas, the feedback
of the channel information becomes a more daunting task.
Statistical beamforming and precoding [2]-[4], designed
based on channel statistics, requires only infrequent update
of channel statistics but not instantaneous feedback. Optimal
beamforming for maximizing the average capacity of Rayleigh
fading channels is designed in [2]. Optimization of the precoder for minimum pairwise error probability is consider in
[3] and the optimal precoder that minimizes the sum of mean
squared error in [4]. These earlier works, based on Kronecker
Rayleigh channels, can not be used for mmWave channels
as Kronecker model is not valid in this case [5]. Long-term
beamforming is considered for multicasting application using
gradient projection algorithm in [6]. The statistics of the vector
received at the basestation is exploited in [7] to design the
basestation beamformer for users with a single antenna.
Although a large number of antenna may be employed in a
mmWave system, cost and power constraints often prohibit
having one dedicated RF (radio frequency) chain for each
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antenna [1]. The beamforming coefﬁcients are typically implemented using analog phase shifters, thus the coefﬁcients
are usually constrained to be of unit modulus. More recently,
it is shown in [8]-[10] that if two phase shifters are used
to implement each coefﬁcient we can obtain an arbitrary
beamformer. Thus the design of RF beamformer or precoder
can be free from unit modulus constraint.
In this paper we consider statistical beamforming for
mmWave channels. The transmitter knows only the statistics
of the channel but not instantaneous channel information. For
the commonly used geometry based clustered channel model,
we derive the statistical beamformer from the average channel
Gram matrix for UPA. It turns out that the average channel
Gram matrix depends only on the statistics on the transmitter
side. When there are multiple clusters in the channel, the 2D
magnitude response of the beamformer shows that the power
is allocated in an uneven manner. The clusters with angle of
departures away from the normal of the antenna plane are
allocated more power; power allocation is done over the spatial
frequency in this case. The proposed statistical beamformer,
though designed without unit modulus constraint, has a small
degradation of around 0.4dB when each is implemented as the
sum of two phase shifters of three-bit resolution. Simulations
show that the performance of the proposed statistical beamformer is comparable to that of a limited feedback system with
1/8 instantaneous feedback bits per antenna.
Notation. The variance of a random variable x is denoted as
σx2 and the expectation of x by E[x]. The 2-norm of a vector
f is denoted as ||f ||. The notation A† denotes the transpose
and conjugate of a matrix A.
II. S YSTEM M ODEL
Consider a MIMO channel with Nt transmit antennas and
Nr receive antennas, represented by an Nr × Nt matrix H.
We adopt the geometric channel representation that is useful
for modelling mmwave propagation [11][12],
L

1 
α ar (φra, , φre, )a†t (φta, , φte, ),
H= √
L =1

(1)

where L is the number of rays in the channel, and α ,
denoting the complex gain of the th rays, are assumed to
be independent Gaussian random variables of zero mean. The
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azimuth (elevation) angle1 of departure (AoD) φta, (φte, ) and
the azimuth (elevation) angle of arrival (AoA) φra, (φre, )
are of the truncated Laplacian distribution, which is demonstrated in [13][11] to be a good model in this case. The
angle of departure φta, (φte, ) are independent and of mean
t
t
φa, (φe, ). The standard deviations of angles of departure
in azimuth and elevation, also called angular spreads, are
denoted, respectively, by σφta, and σφte, . When the channel
is clustered [12], the rays in the same cluster are assumed to
be of the same variance and mean. The vectors a†t (φta, , φte, )
and ar (φra, , φre, ) are, respectively, the transmit and receive
antenna array response vectors. The array response vector for
a uniform planar array arranged on the yz-plane with size
Nz × Ny (Nz in the z-direction and Ny in the y-direction) is
given by
1
ejξ(m cos(φe )+n sin(φe ) sin(φa )) ,
[a(φa , φe )]m+nNz = 
Ny Nz
(2)
for 0 ≤ m < Nz and 0 ≤ n < Ny , where ξ = 2πd and
d is the antenna spacing normalized by the wavelength. The
channel in (1) can be written in a matrix form as
H = Ar Dα A†t ,

(3)

where Ar is the Nr × L matrix whose column vectors are the
L receive antenna array response vectors
ar (φra,1 , φre,1 ), ar (φra,2 , φre,2 ), · · · ar (φra,L , φre,L )
whereas At is the Nt ×L matrix whose column vectors are the
L transmit antenna array response vectors. The matrix Dα , of
size L×L, is diagonal with diagonal elements α1 , α2 , · · · , αL .
Let the transmitted symbol be s and the transmit beamformer be f , then the transmission power is Pt = ||f ||2 σs2 .
The output of the receiver is r = gHs + gn, where g is
the 1 × Nr receive combiner, n is the Nr × 1 channel noise
vector. Assuming the elements of the channel noise vector n
are independent, of variance N0 and zero mean, the resulting
SNR is
|gHf |2 Pt
.
(4)
SN R =
||g||2 ||f ||2 N0
III. S TATISTICAL BEAMFORMING

average SNR, we design the statistical beamformer to solve
the following problem:
max

f s.t. ||f ||=1

f † Bf ,

where B = E[H† H].

The optimal beamformer is the unit eigen vector of the average
channel Gram matrix B that corresponds to the largest eigen
value. In what follows we show that for the channel model
given in (1), the matrix B can be approximated in a closed
form when the angle spread is small.
Lemma 1: When the angle of departures {φta, } and {φte, }
and the complex gains {α } are independent, the average
channel Gram matrix B = E[H† H] is given by
B = E[At ΛA†t ],
where Λ =

diag{σα2 1 , σα2 1 , · · · σα2 Nr ay }

[B]m+nNz ,+kNz =

L

i=1

(5)
and in particular

σα2 i μi (m − , n − k),

for 0 ≤ m,  < Nz and 0 ≤ n, k < Ny , where μi (m, n) =
t
t
t
E[ejξ(m cos φe,i +n sin φe,i sin φa,i ) ].
See Appendix A for a proof. The function μi (m, n) depends
on the statistics of the AoD. When the angular spreads of these
angles are small, μi (m, n) can be approximated as follows.
Lemma 2: When angular spreads are small at the transmitter
side, μi (m, n) can be approximated as
μi (m, n)

t

t

t

ejξ(m cos φe,i +n sin φe,i sin φa,i )
t
t
t
p(−m sin φe,i + n cos φe,i sin φa,i , Δφte,i )
t
t
(7)
p(n sin φe,i cos φa,i , Δφta,i )

≈
×
×

t

t

where Δφte,i = φte,i −φe,i , Δφta,i = φta,i −φa,i , and p(β, x) =
E[ejξβx ].
A proof is given in Appendix B. Note that both Δφte,i and
Δφta,i are truncated Laplacian random variables with zero
mean. For a random variable x obtained by truncating a
Laplacian random variable with zero
√ variance σ
√ mean and
for the range [−π, π), the pdf is 1/( 2c0 σ)e− 2|x|/σ . In this
case we can verify that
p(β, x) =



1
c0 (1 +

β 2 σ2
)
2

1 + e−

π

√
σ

2



βσ
√ sin(βπ) − cos(βπ)
2

1 The elevation angle of a ray is the angle between the ray and the z-axis
whereas the azimuth angle is the angle between the x-axis and the orthogonal
projection of the ray on the xy-plane.



,
(8)

√

Assume the transmitter knows only the statistics and the
beamformer f is designed based only on the statistics. The
receiver has the channel information and knows the statistical
beamformer used at the transmitter. In this case, the optimal
combiner is g = (Hf )† and the resulting SNR is SN R =
Pt
2
2
N0 ||Hf || /||f || . Averaging the SNR over the random chanPt
E[||Hf ||2 /||f ||2 ]. To maximize the
nel, we get E[SN R] = N
0

(6)

where c0 = 1 − e−jπ 2/σ is a constant. Combining the above
two lemmas, we arrive at the following theorem.

Theorem 1: When the angular spreads are small at the
transmitter side, the average channel Gram matrix can be
approximated by
[B]m+nNz ,+kNz
L

t
t
t
≈
σα2 i ejξ((m−) cos φe,i +(n−k) sin φe,i sin φa,i ))
i=1

t

t

t

×p(−(m − ) sin φe,i + (n − k) cos φe,i sin φa,i , Δφte,i )
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t

t

×p((n − k) sin φe,i cos φa,i , Δφta,i ),

(9)

for 0 ≤ m,  < Nz and 0 ≤ n, k < Ny , where p(β, x) is as
given in (8)
With the above closed-form approximation of B, the beamforming vector can be computed accordingly. Although the
above derivation of B requires the assumption that the angular spreads are small, simulation examples will be given
to demonstrate that the approximation is accurate and the
resulting beamformer useful even for larger angular spread.
From Lemma 1, we see that the optimal statistical beamformer
depends only on the statistics on the transmitter side, but not
those on the receiver side. Therefore the statistical beamformer
can be determined by the statistics of the AoD. To understand
the above results better, we look into the beamformer design
from the frequency domain point of view.
Magnitude response of the beamformer. In the beamforming system, each antenna sends out the symbol that is
weighted by a coefﬁcient in the beamforming vector f . Let us
re-index the beamforming coefﬁcients as an array fm,n , for
0 ≤ m < Nz and 0 ≤ m < Ny , such that the coefﬁcients
are arranged according to the planar antenna array on the yzplane, with m corresponding to the index in the z-axis and n
corresponding to the y-axis. Let
F (ω1 , ω2 ) =

N
y −1
z −1 N


fm,n e−j(mω1 +nω2 )

m=0 n=0

be the Fourier transform for the two-dimensional sequence
fm,n . The expression of B given in (5) means that the average
SNR is of the form E[SN R] = E[f † At ΛA†t f ], which can be
written as E[SN R] = E[||Λ1/2 A†t f ||2 ]. Observe that the i-th
element of the vector A†t f is equal to


N
y −1
z −1 N

t
t
t
1
fm,n e−jξ(m cos(φe,i )+n sin(φe,i ) sin(φa,i )) ,
Ny Nz m=0 n=0

= F (ξ cos(φte,i ), ξ sin(φte,i ) sin(φta,i )).
Therefore we have
E[SN R] = E


L


2
t
t
t
2
.
σα
|F
(ξ
cos(φ
),
ξ
sin(φ
)
sin(φ
))|
e,i
e,i
a,i
i

i=1

This is the weighted sum of the mean square of the magnitude
response |F (ω1 , ω2 )| evaluated at frequencies corresponding to
the AoD, i.e., (ξ cos(φte,i ), ξ sin(φte,i ) sin(φta,i )). This means
that the design of the optimal statistical beamformer is to
maximize the magnitude response F (ω1 , ω2 ) at frequencies
determined from the AoD, irrespective of the AoA. We will
see in simulations that |F (ω1 , ω2 )| has peaks at frequencies
corresponding to the means of the AoD.
Uniform linear array (ULA). When Ny = 1, the antennas form a uniform linear array along the z-axis. The
above results are valid for ULA as well. In this case, only

the elevation AoD is relevant and (6) reduces to [B]m, =
L
jξ((m−) cos φte,i
2
]. We have
i=1 σαi E[e
[B]m, ≈

L


t

t

2 jξ((m−) cos φe,i
σα
e
p(−(m − ) sin φe,i , Δφte,i ),
i

i=1

where p(β, x) is as given in (8). Let us 
deﬁne the Fourier
Nt −1
−jmω
transform of the beamformer F (ω) =
,
m=0 fm e
of f . Then E[SN R] =
where

 fm denotes the m-th coefﬁcient
L
2
t
2
E
i=1 σαi |F (ξ cos(φe,i ))| . That is, maximizing the average SNR is in effect maximizing the weighted sum of mean
squares of |F (ω)| at ξ cos(φte,i ), a result similar to the UPA
case.
IV. S IMULATION E XAMPLES
Consider the geometry channel model in (1) with 64 transmit antennas (arranged in 8 × 8) and 16 receive antennas
(arranged in 4 × 4). We assume there are three clusters and
each has ten rays. The antenna spacing is half wavelength, thus
d = 1/2. The complex gains {α }are assumed to Gaussian
random variables of zero mean and unity variance. We have
used 105 channels in the simulations.
Example 1. Consider the case when the cluster means
are ﬁxed. The means of the AoD in elevation and azimuth
(φ̄te , φ̄ta ) for the three clusters are respectively (0.3π, 0.2π),
(0.1π, 0.48π) and (0.55π, 0.1π). Paths in the same cluster are of the same mean. The angular spreads of AoD
and AoA in azimuth and elevation are 8◦ for each cluster.
Fig. 1(a) shows the magnitude response |F (ω1 , ω2 )| as a
function of ω1 and ω2 , where we have marked the cluster
number at frequencies corresponding to the mean of AoD,
i.e., (ξ cos(φ̄te, ), ξ sin(φ̄te, ) sin(φ̄ta, )). In Fig. 1(b) the magnitude response |F (ξ cos(φe ), ξ sin(φe ) sin(φa ))| is shown as
a function of φe and φa . We see that the peaks of the magnitude response |F (ω1 , ω2 )| agree with the marked frequencies.
Somewhat surprisingly, |F (ω1 , ω2 )| is not of similar height
in these frequencies. From Fig. 1(b), we observe the largest
peak at the second mean (0.1π, 0.48π), a smaller peak at the
ﬁrst mean (0.3π, 0.2π) and a even smaller one at the third
(0.55π, 0.1π). The largest peak occurs at the frequency that
corresponds to the second cluster, whose AoD is more away
from the normal of the plane of the antenna. That is, more
power is allocated to the spatial frequency away from the
normal of the antenna plane.
Example 2. In this example, we evaluate the performance of
the statistical beamformer. The means of the AoD in elevation
and azimuth are uniformly distributed over [0, 2π]. Fig. 2
shows the average of the SNR in (4) as a function of the
angular spread of AoD for Pt /N0 = 0 dB. Consider the performance of the statistical beamformer (labeled as ’stat’) obtained
through the approximation in Theorem 1 and the optimal one
(labeled as ’optimal stat’) that is obtained by numerically
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bits. The beamforming vector therein is in the form of an array
response vector and only the elevation and azimuth angles
need to be fed back to the transmitter. The phase shifters are
also quantized using three bits. We see that the performance
of the quantized beamformer is comparable to SPC with 8
feedback bits, i.e, 1/8 feedback bits per antenna.
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evaluating the average of the 105 channel Gram matrices used
in the simulation. The two curves are close, especially for
angular spread smaller than 5◦ . The formula in Theorem 1,
though obtained under small angular spread assumption, is
useful even for moderate spread. As a bench mark, we also
show in the ﬁgure the case when the transmitter has full
CSI and employs the optimal unconstrained beamformer. The
difference is around 2.3 dB for a small angular spread and
increases to around 3.5 dB when the angular spread is 10◦ .
Also shown in Fig. 2 is the average SNR of the statistical
beamformer when the coefﬁcients are quantized due to the use
of ﬁnite resolution phase shifters. Each beamforming weight
is implemented as the sum of two phase shifters that are of
three-bit resolution [8], [10]. We see that the degradation due
to quantization is around 0.4 dB. Fig. 3 shows the transmission
rate as a function of Pt /N0 when the angular spread is 5◦ . For
comparison, we have shown the rate of sparse precoding and
combining (SPC) [14] for two cases of feedback bits, 8 and 10
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Fig. 3. Transmission rate performance.

Appendix A. Proof of Lemma 1.
Using (3), we can express B as B = EH [At D† A†r Ar DA†t ],
where the subscript of the expectation means the average
is performed over H. As the AoD, AoA and the complex
gains {α } are independent we get B = E{φta, ,φte, } [At ΛA†t ],
where Λ is given by E{α } [D†α E{φra, ,φre, } [A†r Ar ]Dα ]. Notice
that {α } are independent and of zero mean, so Λ is a
diagonal matrix. Only the diagonal elements of the matrix
E{φra, ,φre, } [A†r Ar ] matter and the diagonal elements are all
equal to 1 because the product a†r (φra, , φre, )ar (φra, , φre, ) =
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1. Thus we have Λ = diag{σα2 1 , σα2 1 , · · · σα2 Nr ay }. Using the
expression of the antenna response vector in (2), we can obtain
the elements of B as given in (6).

[10] Yuan-Pei Lin and Shang-Ho Tsai, “THIC structures for RF precoding
in mmwave communications,” submitted to 2017 IEEE International
Workshop on Signal Processing Advances in Wireless Communications.

Appendix B. Proof of Lemma 2.

[12] M. R. Akdeniz, Y. Liu, M. K. Samimi, S. Sun, S. Rangan, T. S. Rappaport, and E. Erkip, “Millimeter Wave Channel Modeling and Cellular
Capacity Evaluation,” IEEE Journal on Selected Areas in Communications, vol. 32, no. 6, pp. 1164 - 1179, June 2014.

t

With the deﬁnition of Δφte,i = φte,i − φe,i , we can write the
t
t
term cos φte,i as cos(φe,i ) cos(Δφte,i ) − sin(φe,i ) sin(Δφte,i ).
When the angular spread is small, Δφte,i is small and we
have cos(Δφte,i ) ≈ 1 and sin(Δφte,i ) ≈ Δφte,i . So cos φte,i ≈
t
t
cos(φe,i ) − sin(φe,i )Δφte,i . Similarly, we have sin φte,i ≈
t
t
sin(φe,i ) + cos(φe,i )Δφte,i . Thus
t

t

sin φte,i sin φta,i ≈ sin(φe,i ) sin(φa,i )
t

t

t

t

+ cos(φe,i ) sin(φa,i )Δφte,i + sin(φe,i ) cos(φa,i )Δφta,i ,
where we have ignore the second order term of Δφte,i Δφta,i .
Pulling out the constant, we get
μi (m, n)

≈
×
×

t

t

t

ejξ(m cos φe,i +n sin φe,i sin φa,i )
t
t
t
t
E[ejξ(−m sin φe,i +n cos φe,i sin φa,i )Δφe,i ]
t
t
t
E[ejξn sin φe,i cos φa,i Δφa,i ].

It can be further expressed as in (7).
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